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It is shown on the basis of simple scaling arguments that an interface between two three-dimensional elastic
solids, consisting of completely flat disordered surfaces, which interact with interatomic hard core interactions,
will be in a weak pinning regime, and hence exhibit negligibly small static friction. It is argued, however, that
the presence of roughness on multiple length scales can lead to much larger friction �i.e., static friction
coefficients not too much smaller than 1�, as is characteristic of most solid surfaces. This approach suggests a
possible way of understanding why coatings of materials with high elastic constants are often excellent
lubricants.
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I. INTRODUCTION

Surface roughness and micron and submicron scale
roughness are shown to have a crucial effect on static friction
between two three-dimensional elastic solids that interact at
their interface primarily through interatomic hard core inter-
action, which will be the case for sufficiently high load �1�.
Although plasticity will likely play an important role in
many circumstances �2�, it is important to understand static
friction for an elastic solid as a first step toward understand-
ing the microscopic mechanisms for friction. Furthermore,
the elastic solid model is clearly valid in the low load re-
gime. It is shown in this paper that most such surfaces under
typical loads would have negligible static friction if it were
not for the presence of roughness on multiple length scales.

Static friction is often easier to study than kinetic friction,
and since in many applications, static and kinetic friction are
generally of the same order, we often gain some insights into
kinetic friction in the slow sliding speed limit from such
studies �3,4�. In Refs. �3,5� it was argued that a flat disor-
dered interface between two macroscopic size surfaces
which do not interact chemically will exhibit effectively no
static friction for interface interaction per unit interface area
small compared to the shear elastic constant and high friction
for interface interaction above this value. This frictionless
regime is known as the weak pinning regime and the large
friction regime is known as the strong pinning regime. In
Ref. �5�, it was suggested that this could provide possible
mechanisms for lubrication. The lubricants in this model
work by switching the interface from the strong to weak
pinning regime by increasing the number of atoms in contact
at the interface, and hence spreading the load of normal force
pushing the solids together over more points of contact. In
fact, it will be argued later in this paper that friction between
surfaces that interact primarily by hard core interactions is
primarily due to the presence of multiscale surface roughness
on most surfaces �6�. Without such roughness, the static fric-
tion would typically be negligibly small. The idea that in-
creasing the number of atoms in contact can actually reduce,
rather than increase, the force of friction appears to contra-
dict the prevailing assumption that increasing the area of
contact increases the friction �2�. Reference �7� also chal-

lenged the assumption that friction is proportional to the area
of contact on the grounds that the real area of contact is
generally not well defined when the interface is viewed on
the atomic scale. Nevertheless, they were able to obtain Am-
onton’s law �that the friction depends only on the force push-
ing the surfaces together and not on the apparent interface
area� without invoking this concept. In fact, it will be seen
that, at least for static friction, it is possible to explain Am-
onton’s law by a very simple argument that does not involve
the real area of contact at all. Another possible mechanism
for reducing friction, which was not discussed in Ref. �5�, is
to coat the surfaces with a sufficiently thick coating of a
material with large elastic constants, as the transition from
strong to weak pinning will occur at a larger value of the
interfacial interaction if the elastic constants are greater �8�.
In this paper, static friction will be discussed from the point
of view of collective pinning and multistability theory for
nonchemically interacting surfaces, which are pushed to-
gether by a sufficiently large normal force so that the inter-
facial interaction is dominated by hard core interaction be-
tween the atoms in contact at the interface. This model can
be applied to nonmetallic solids and some oxide coated met-
als, with saturated bonds at the interface, so that there will be
no chemical bonding across the interface. The discussion
will focus on how collective pinning and multistability argu-
ments are affected by surface roughness, in particular by the
existence of asperities on several length scales.

II. STATIC FRICTION DUE TO HARD
CORE INTERACTIONS

Consider two surfaces in contact which are disordered so
that those atoms which are in contact are randomly distrib-
uted over the interface. Let us also assume that the atoms in
contact at the interface interact only with hard core interac-
tions. This could occur either because the surface atoms are
chemically inert and there is negligible adhesion, or because
the surfaces are being pushed together with a sufficient load
so that the hard core interactions dominate. Let P denote the
load or normal force per unit interface area, a, the mean
atomic spacing, and c, the fraction of the surface atoms of
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one surface that are in contact with the second surface. Then,
each of the atoms in contact must contribute on the average
to the normal force, a force of order Pa2 /c. Since the force
due to the hard core interaction between a pair of atoms acts
along the line joining the atoms, for most relative positions
of the atoms, it has a component along the interface, as il-
lustrated in Fig. 1. In the strong pinning regime, each surface
atom will sink into an interface potential minimum at the
expense of the elastic forces holding it in place. Such a mini-
mum will generally occur at an interstitial region on the sec-
ond surface. If we now attempt to slide the surfaces relative
to each other, each of the atoms in contact with the second
surface will now, as it gets pulled out of its potential mini-
mum, exert a component of its hard core interaction with the
second surface parallel to the interface directed so as to op-
pose the attempted sliding motion. This is identified with the
static friction. Since each of these atoms must also provide a
component Pa2 /c normal to the interface on the average, it is
clear the static friction is proportional to the load. This is the
case because the contribution to the load and the static fric-
tion for each pair of atoms in contact is provided by the same
hard core force acting between the atoms. The proportional-
ity constant �s is identified with the coefficient of static fric-
tion which is not too much smaller than 1. This accounts for
Amonton’s law without the need to assume that the friction
is proportional to an ill-defined area of real contact. In the
weak pinning limit, the component along the interface of the
hard core force is random, and hence, for an infinite interface
area and, hence, an infinite number of interface atoms, the
components along the interface of the hard core forces can-
cel, resulting in effectively no static friction in the thermo-
dynamic or macroscopic solid limit.

III. EFFECTS OF ROUGHNESS (I.E., ASPERITIES
ON SEVERAL LENGTH SCALES)

Let us first consider two flat disordered surfaces. For two
perfectly flat surfaces in contact pushed together with suffi-
ciently weak load, each containing N surface atoms, the
mean force of static friction will be the sum of the compo-
nents of these hard core forces parallel to the surface, which

have random magnitudes and directions. The net static fric-
tion, which is the sum of these components, is proportional
to N1/2 because they do not add together coherently. This is
known as the weak pinning regime �9–11�. It was shown in
Refs. �3,9–11� that for sufficiently weak interaction across
the interface �which will be true at low loads�, the system
will be in this regime. �Although mica is probably the only
material with complete atomic scale flatness, bare mica sur-
faces actually exhibit relatively high friction because they
interact with each other quite strongly.� At higher loads, the
atoms from each surface can be pushed sufficiently far into
the regions between atoms on the second surface �resulting
in the atoms from the second surface being pushed apart�, as
this will minimize the repulsive energy. When we attempt to
slide the surfaces relative to each other, there will be a net
component of hard core repulsive forces along the surface
opposing the sliding, i.e., static friction. In this case, the net
force of static friction will be proportional to N. For models
for surfaces with single length scale roughness, like the
Greenwood-Williamson model �2�, since there are of the or-
der of 108 atoms at an interface between two micron size
asperities, since N1/2 is 104, the static friction is a factor of
104 smaller in the weak pinning than in the strong pinning
regime. From Eq. �A3� in Appendix I, which reproduces
some of the results of Ref. �5�, we find that for flat surfaces,
the load per unit area P below which the interface is in the
weak pinning regime is given by P�c1/2 K, where c is the
fraction of surface atoms in contact with the substrate and K
is the shear elastic constant. Since K�1011 N /m2 for most
solid materials, unless c is extremely small, we find on the
basis of this argument that any flat surfaces in contact that
interact with only hard core interactions will be in the weak
pinning regime.

Of course, no surfaces are perfectly smooth, and in fact,
there can be roughness on several length scales. Let us as-
sume then that there are n orders of length scales, which we
represent as follows: We divide the surface into Mn asperi-
ties, a fraction cn of which are in contact with the second
surface. In the discussion in this paragraph, the asperities are
treated as rigid “hills” on the surface. Effects of distortion of
the asperities is treated later in this section. At each pair of
asperities in “contact,” the contact is likely to only occur at
selected isolated regions, which we may refer to as n−1
order asperities. The interface between a pair of n−1 order
asperities can be divided up into n−2 order asperities as
well. The surfaces can never be truly self-affine �13�, how-
ever, because when we reach atomic dimensions at n=0 or-
der, this subdivision into smaller and smaller length scales
terminates. In more detail, we divide an N-atom surface into
Mn asperities of which a fraction cn are in contact with the
second surface, which for purposes of obtaining a qualitative
understanding of the problem, can be replaced by a flat sub-
strate, as described above. We then divide the areas of con-
tact of each of these contacting asperities into Mn−1 asperi-
ties, of which a fraction cn−1 are in contact. We then divide
the area of contact between two contacting asperities into
Mn−2 asperities, a fraction cn−2 of which are in contact, etc.,
until we have done n sublevels of this subdivision. The area
of contact of a zeroth level �i.e., smallest� asperity will con-
tain of the order of N0=N / �M0M2…Mn� atoms, a fraction ca

FIG. 1. This figure illustrates how the hard core interaction be-
tween a pair of atoms, one belonging to each of the surfaces in
contact, can both support the load and give rise to static friction
between the surfaces. Since the force F between the pair of atoms
can have both a component normal to the interface, Fz, which con-
tributes to the normal force supporting the load, and a component
along the interface Fx, the mean value of Fx must be proportional to
the mean value of Fz.
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of which are in contact. It is these atoms at the zeroth �i.e.,
the final� order of asperities which support the load.

If the �n1�st order set of asperities are in the weak pinning
regime, the static friction acting on it is reduced by a factor
�cn1

Mn1
�1/2, because by the above arguments, the static fric-

tion forces from these asperities act incoherently, and if the
atoms at the interfaces of zeroth order miniasperities in con-
tact are in the weak pinning regime, the static friction is
reduced from the strong pinning regime value �i.e., �s not
too much smaller than 1� by a factor �caN0�1/2. Thus the
mechanism is proposed as a possible way to explain why
coatings of stiff materials are good lubricants �8�.

The arguments in the above paragraphs are only correct if
each asperity is completely rigid, as we have assumed that
the elastic forces which oppose displacements of the points
of contact with the substrate resulting from the forces that
the substrate exerts on them are due to the bulk solid. Since
each asperity has some height, however, it can distort so as to
move its interface with the substrate closer to its potential
minimum, even without distorting the bulk solid. Thus,
whereas a particular substrate with completely rigid asperi-
ties might be in the weak pinning regime, if the asperities are
able to distort by a sufficient amount, it might be in the
strong pinning regime. This may explain why it is that al-
though the estimates given earlier in this section indicate that
most solids should be in the weak pinning regime, this is not
consistent with the magnitudes of the friction coefficients
that are observed for most solids.

Let us now consider the distortions of the asperities that
occur in response to the substrate potential. What we will do
now is to assume that there exist a bunch of smallest asperi-
ties �which will be considered the lowest or zeroth level�
which are in contact with the substrate. There are several
groups of these that are assumed to be attached to a bunch of
larger next or first order asperities. Groups of these first order
asperities are then attached to larger asperities which are
known as second order asperities. This hierarchy continues
until we reach an “asperity” of width equal to that of the
whole interface. This hierarchy of asperities is illustrated
schematically in Fig. 2. Consider the zeroth, the lowest order
�i.e., the smallest�, asperity. Let it have a height of order L0�

and a width of order L0. To find its distortion resulting from
the sum of the substrate potential energies of all of the atoms
of the asperity which are in contact with the substrate, we
must minimize the sum of its elastic and substrate potential
energies. The substrate potential energy is given by
V0�L0 /a�f0��x0 /a�, where V0 is the amplitude of the interac-
tion of a single atom with the substrate, resulting primarily
from hard core repulsions between the atoms, �x0 is the
amount that the surface in contact with the substrate slides
under the influence of the substrate potential as the asperity
distorts while all higher level asperities remain in an arbi-
trary rigid configuration and f0��x0 /a� is a function of order
unity which gives the variation of the substrate potential with
�x0 for fixed, undistorted asperities of higher order �i.e.,
larger size in the present context�. �Clearly, each of the ze-
roth order asperities has a different function; f0 denotes a
generic function describing the interface potential energy for
a typical zeroth order asperity.� Each function clearly must
possess multiple minima. We are assuming here that the sur-
face of the asperity in contact with the substrate is in the
weak pinning limit. The factor �L0 /a�, which is of the order
of the square root of the number of atoms in this surface
expresses this fact. If the surface of the asperity in contact
with the substrate is in the strong pinning limit instead, this
factor will be replaced by �L0 /a�2, the number of atoms at
the interface. Treating this asperity as an elastic three-
dimensional solid in contact with the substrate, we find from
the discussion in Appendix I that the interface between the
substrate and this asperity is in the weak pinning limit if
P0�ca

1/2K, where P0 is the mean load per unit interface area
supported by this asperity and ca is the fraction of the surface
atoms of this asperity that are in contact with the substrate.
Assume that a fraction c0 of the zeroth order asperities have
atoms belonging to them in contact with the substrate. Let c1
represent the fraction of next order �first order� asperities
whose zeroth order asperities are in contact with the sub-
strate, c2, the fraction of second order asperities whose first
order asperities have their zeroth order asperities in contact
with the substrate, etc., up to nth order. Then P0
= P / �c0c1c2¯cn�, where P is the load per unit apparent area
of the surface of the whole solid. Then, we conclude that the
criterion for the atoms at the interface between the zeroth
order asperity and the substrate to be in the weak pinning
regime is that P� �ca

1/2c0c1c2¯cn�K. We see from this in-
equality that the more fractal the surface is, the more difficult
it is for the zeroth order asperity to be in the weak pinning
regime. The cost in elastic energy due to the shear distortion
of the asperity can be determined by the following scaling
argument: The elastic energy density for shear distortion of
the asperity is proportional to ��ux /�z�2, where ux represents
the local displacement due to the distortion, the x direction is
along the interface and the z direction is normal to it. The ux
must scale with �x0 and the dependence of ux on z has a
length scale L0�. Thus the elastic strain energy of the asperity
is of the order of �1/2�L0

2L0�K��x0 /L0��
2, where K is the shear

elastic constant and ��x0 /L0�� is the average shear strain and
L0 is the mean width of the asperity. Minimizing the sum of
these expressions for elastic and substrate potential energy,
we obtain

FIG. 2. This is a schematic illustration of the asperity hierarchy
on the top surface sliding on a flat substrate �i.e., the bottom block�.
�Real asperities have arbitrary shapes, as opposed to the square
shapes shown in this schematic representation.� Each asperity of a
given order has a number of �smaller� asperities of one order lower
on its surface. In turn, each of these lower order asperities has a
number of �smaller� asperities of one order lower. This continues
until we reach the zeroth order asperity, whose surface consists of
atoms, although only three orders of asperities are illustrated here.
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�x0/a � �V0/Ka3��L0�/L0�f0���x0/a� , �1�

since f0�, the derivative of f0 with respect to its argument, it is
of order one, from the definition of f0. Let us follow a line of
reasoning like that of Ref. �14�, a modified version of which
is given in Appendix II. For �V0 /Ka3��L0� /L0� below a certain
value of order one, for small V0 /Ka3, Eq. �1� can have only
one solution for �x0. The reason for this is illustrated in Fig.
3. Under such circumstances, the average kinetic friction, in
the limit as the sliding velocity approaches zero, is zero. For
a surface with an infinite number of asperities, distributed
uniformly in space, it was shown in Ref. �14� that the static
friction is zero as well. A modified version of this argument,
which points out that for a surface with a finite number of
asperities the static friction is nonzero, but smaller by a fac-
tor of a /L0 compared to what it would be if the contributions
of the asperities to static friction acted coherently is provided
in Appendix II. If this asperity is in the strong pinning limit
instead, we replace the factor of �L0 /a� by �L0 /a�2 to account
for this and as a result, the factor �L0� /L0� gets replaced by
�L0� /a�, which could would easily make the asperity satisfy
the criterion for multistability, and consequently, the friction
from these asperities will no longer be reduced by the factor
a /L0. For a load per unit area P, assumed to be primarily due
to hard core interactions, we may assume V0� Pa3 /c, where
c is the fraction of the surface atoms which are in contact
with the substrate. By the above arguments, c
=cac0c1c2¯cn. Then, we see that the criterion for the zeroth
order asperity to be multistable is P�c0c1c2¯cnK. If the
criterion for weak pinning for the zeroth order asperity sur-
face is not satisfied, the criterion for monostability of this
asperity gets changed from the above inequality to
�V0 /Ka3��L0� /a��1, which is more difficult to satisfy since
L0� /a can be considerably greater than 1.

At the next level, we have an asperity surface in contact
with the substrate which consists of a collection of the lowest
level �i.e., the smallest� asperities discussed in the previous
paragraph. Assuming this asperity to be in the weak pinning
regime, the potential of interaction with the substrate, which
is the sum of all of the interactions of the substrate with the
lowest order asperities, which cover a first order asperity, is
of order V0�L0 /a��L1 /L0�f1��x1 /a�. Here L1 represents the
width of this order asperity, �x1 represents a displacement of
the lower surface of this level asperity for fixed �i.e., undis-
torted� configurations of all higher order asperities, and f1

denotes one of the functions which describes the interface
potential energy of one of the first order asperities. It has at
least one minimum and runs over a range of magnitude one
as its argument runs over a range of order one. The elastic
energy is of the order of �1/2�L1�L1

2K��x1 /L1��
2, by the argu-

ment given above Eq. �1�, where L1� is the height of the body
of the first order asperity, which is assumed to be much
larger than L0�. Minimizing the sum of these two energies, we
obtain

�x1/a � �V0/Ka3��L1�/L1�f1���x1/a� . �2�

Again, we conclude, based on the arguments presented in
Ref. �14�, which are summarized in Appendix II, that the
static friction is reduced by a factor of L0 /L1 below what it
would be if the contributions to the static friction from each
of the miniasperities at this level acted coherently. If the
zeroth order asperities attached to this first order asperity are
in the strong pinning regime, the factor of L1 /L0 in the equa-
tion for the interaction of this asperity with the substrate is
replaced by �L1 /L0�2, and hence, the right hand side of Eq.
�2� has the factor L1� /L1 replaced by L1� /L0, which can make
the solutions to this equation for �x1 multistable.

Continuing this procedure, we find that the displacement
of the nth level miniasperity is found by solving

�xn/a � �V0/Ka3��Ln�/Ln�fn���xn/a� , �3�

where Ln and Ln� are the width and height of the body of the
nth level asperity. If �V0 /Ka3��1, and Ln� /Ln�1 for all n,
asperities of all orders will be multistable, implying the oc-
currence of large static friction. Substituting for V0 using
V0� Pa3 /c, we find that this condition is equivalent to P
�cK. If the condition given earlier for strong pinning at the
zeroth order asperity interface, namely P�ca

1/2c0c1¯cnK
= �c /ca

1/2�K is satisfied, the condition for multistability on all
levels, P�cK is certainly satisfied.

Let us now make numerical estimates of whether the low-
est order asperity is likely to be monostable, implying low
static friction. To do this, we will apply the present model to
a single micron-scale asperity in contact with the substrate.
Typical values of K are of the order of 1011N /m2. In Ref. �3�,
P at the micron-scale asperity level was estimated from the
Greenwood-Williamson model �2� to be about 109N /m2

�which is the light load limit, which is also the minimum
value, of the load per unit contact area in the Greenwood-
Williamson model �2��, and hence V0 /Ka3�0.01/c, since
V0� Pa3 /c. Thus from Eq. �1�, if �L0� /L0� is of order 1, the
zeroth order asperity will be monostable if c=cac0c1¯cn
�0.01. This makes it likely that all order asperities and,
hence, the interface will be monostable as well. It should be
pointed out here that the mechanism for weak pinning dis-
cussed here is different from the mechanism discussed in
Ref. �5� and in Appendix I of this paper in that it does not
result from interactions between asperities �i.e., the collective
pinning mechanism�. It produces the same result as we found
earlier assuming stiff asperities, however, namely that the
friction between two asperities at a given length scale is re-
duced by a factor of the square root of the number of asperi-
ties at the next lower length scale order present on its sur-

FIG. 3. This figure illustrates the solution of Eqs. �1�, �2�, and
�3�, for �x0, �x1, and �xn, respectively. f��x� is a schematic illus-
tration of the functions f0�, f1�, and fn�, and x denotes �x0 ,�x1,
or �xn, respectively. Lines A and B represent the line y= �Ka3 /
V0��Ln /Ln��x, for Ka3 /V0��Ln /Ln���1 and Ka3 /V0��Ln /Ln���1, re-
spectively. For the situation illustrated by line A, there are multiple
solutions �i.e., multistability�, while for the situation illustrated by
line B, there is only one �monostability�.
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face. This means that the friction coefficient is reduced from
the strong pinning value �which is not much less than one�
by a factor of �n�=0

n Ln�−1 /Ln�, where L−1=a and the product
includes only values of n� corresponding to orders of asperi-
ties which are monostable. When the zeroth order asperity
interface is nonostable, we saw that all higher order asperi-
ties will be monostable as well. In this case, the above prod-
uct reduces to a /Ln for the factor by which the friction co-
efficient is reduced below one. As Ln in our numerical
example is �1 �m, this leads to a reduction factor of the
order of 10−4. We saw that the condition needed for the in-
terface to be monostable and, hence, exhibit ultralow friction
is that the ratio P /c be less than K. The quantity c, as it was
defined earlier, can be thought of approximately as the ratio
of the area of contact to the apparent area of the interface
�although, as pointed out earlier, this is not precise�. Since all
calculations of this quantity for rough interfaces �2,17� give a
constant value of this ratio, at least for small values of P,
whether the surface is in the strong or weak pinning regime
in the small P limit, it will remain in that regime as P in-
creases, implying that the criterion for weak pinning depends
only on the value of K and the degree of roughness of the
surface as evidenced by the value of c. Since for larger val-
ues �for which c�0.05�, c was found in the finite elements
calculation of Ref. �17� to be a sublinear function of P, it is
possible that the interface will switch from weak to strong
pinning for sufficiently large P. The results presented here
only require that the restoring forces for horizontal distor-
tions of the asperities be elastic. Therefore, they might not be
invalidated even if compressions of the asperities normal to
the interface, resulting from the load, are plastic �2,17�. At
the numerical values of P for which we estimate that we will
be in the low friction regime, however, the assumption of a
purely elastic solid is quite likely to be valid.

IV. CONCLUSIONS

Thus, the conclusion of this treatment of static friction is
that atomically flat surfaces whose atoms interact primarily
by hard core interactions would typically be in a weak pin-
ning regime. This means that they would exhibit exceedingly
low static friction. The virtually universal presence of multi-
length-scale roughness, which is expected to exist for typical
solid surfaces, however, will likely put the surface in the
strong pinning regime, in which the surfaces can exhibit rela-
tively large static friction. From the arguments presented
here, we see that increasing the shear elastic constant by
constructing the surfaces from a material of large shear elas-
tic constant �such as saturated diamond or amorphous carbon
films �8�� of sufficient thickness so that the film can be
treated as a three-dimensional solid �i.e., thicker than typical
asperity heights� will make it more likely that the surfaces
are in the low friction weak pinning regime. In this regime,
the friction can be several orders of magnitude smaller than
in the strong pinning regime.
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APPENDIX A: A SUMMARY OF WEAK PINNING
THEORY

For completeness the transition from strong to weak pin-
ning for two three-dimensional elastic solids in contact at a
disordered interface using scaling arguments, which was first
presented in Ref. �3�, will be discussed here. We expect that
qualitatively correct results for this problem can be obtained
by studying the simpler problem of a three-dimensional elas-
tic solid in contact with a rigid disordered substrate. This
problem was also studied in Ref. �12� in the context of a
macroscopic solid in contact with a substrate at randomly
distributed asperities using perturbation theory. In the present
work, we will apply this model to a pair of asperities from
two surfaces in contact. Here the disorder occurs over the
area of contact of the two asperities. In collective pinning
theory �9–11�, there is a competition between a disordered
potential and an elastic medium which interacts with this
potential. In the strong pinning limit, the elastic solid is able
to distort enough to essentially minimize its interaction with
the disordered potential. In the weak pinning limit, the solid
has little distortion over a volume, known as a Larkin do-
main, whose linear size, the Larkin length, is determined by
minimizing the sum of the interaction with the disordered
potential and the elastic distortion energy, provided the sys-
tem’s dimension is below the critical dimension for the prob-
lem. The three-dimensional solid interacting with a two-
dimensional disordered substrate, however, is at its critical
dimension �3�.

Following a generalization of the discussion in Ref. �3�,
let us consider a homogeneous elastic solid interacting with a
two-dimensional rigid disordered substrate, located at z=0.
The energy of this system can be written as �15�

E =� d3r�K	
�,�


 �u�

�x�
�2

+ K�
	
�

�u�

�x�
�2

+ V„r + u�r�	�z�…� ,

�A1�

where � and � run over the components x, y, and z ,u��r�
denotes the �th component of the displacement field at the
point r in the elastic medium, K and K� are the elastic
moduli �i.e., the Lamé coefficients �15�� and V�r� denotes the
substrate potential per unit area. We look for an approximate
solution of the form u�=u��x /L ,y /L ,z /L��, where u varies
by an amount of the order of the range of a potential well of
the substrate potential when x and y vary over a distance of
L or z varies over a distance of order L�. These are the Larkin
lengths along and perpendicular to the surface. We substitute
this expression for u� in Eq. �A1�, and approximate the inte-
gral of the first two terms in the integrand of Eq. �A1� over a
single Larkin domain, by the product of the average over a
Larkin domain of first two terms in the integrand of Eq. �A1�
and the volume of a Larkin domain, L2L�, and then multiply
by the number of domains, A /L2, where A is the area of the
interface. Minimizing with respect to L�, we obtain

L� = L

�



�1/2

, �A2�

where 
=	�,�=x,y K��u� /�x���2�+K�	�=x,y��u� /�x���2� and

�=K��uz /�z��2�+K�	���u� /�z��2�, where �x� ,y� ,z��
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= �x /L ,y /L ,z /L�� and ¯� signifies an average over a Lar-
kin domain. Since the derivatives of u are all of the order of
atomic distances, L��L. Assuming that V�r� is completely
random and u�r� varies by a negligible amount as r runs
over a domain of volume L2L�, the integral of V�r� over this
domain is of the form V0c1/2L /a, where V0 is the root mean
square �rms� value of the potential of interaction between a
surface atom and the substrate and c is the fraction of the
surface atoms which are in contact with the substrate. In
arriving at this result, we assumed that the variation of u�r�,
when r varies over a distance small compared to L, is neg-
ligibly small compared to the length scales on the substrate.
Since the substrate is random, the integral over V�r� is pro-
portional to the square root of the number of surface atoms in
contact with the substrate, which is of the order of c�L /a�2

where a is a mean atomic spacing or potential well size.
Since the number of surface atoms in contact with atoms
from the second surface is of the order of cA /a2 the mean
force between two atoms in contact from each of the two
surfaces is given by PA divided by this quantity or Pa2 /c.
Hence, since V�r� varies on a length scale a ,V0� Pa3 /c.
Then substituting Eq. �A2� in Eq. �A1�, we obtain

E = �2�

��1/2 − Pa2/c1/2�A/L �A3�

for the energy, which is minimized for infinite L if
2�

��1/2� Pa2 /c1/2 and for L=0 �which in practice means
that L is as small as the smallest length scale in the problem
rather than zero� if Pa2 /c1/2�2�

��1/2�K. Thus, it is clear
that as c decreases, the interface can switch from weak pin-
ning �if it was already in the weak pinning regime� to strong
pinning. In the latter regime, by the arguments given in the
last paragraph, the surfaces will be pinned together, i.e., there
will be static friction. Because the interface area between two
asperities in contact is only of micron size, there will be a
transition from low to high, rather than from zero to nonzero
static friction �as would occur for an infinite interface�.

This problem can also be considered using perturbation
theory in the weak pinning limit �12�. To do this, following
Ref. �12�, one calculates u�r� which results from the random
forces found from V�r� and from it calculates �u�R�
−u�0��2� using the standard expression for the elasticity
Green’s function �15�. Here, ¯� signifies an average over
the random substrate forces. R is considered to be equal to
the Larkin length when this quantity is comparable to the
square of the range of a substrate potential well, as this rep-
resents the distance over which the surface of the solid can
be considered as rigid from the point of view of the random
substrate potential. Following arguments similar to those in
Ref. �12�, we find a Larkin length that is an exponential
function of the ratio of Young’s modulus divided by V0,
which can easily be quite large compared to any reasonable
size solid interface when this ratio is reasonably large, as it is
in the weak pinning regime. Thus, even though the varia-
tional method that I used above gives an infinite Larkin
length in the weak pinning limit, whereas the perturbation
theory method of Ref. �12� gives a finite Larkin length, since
the Larkin length found in Ref. �12� is extremely large �i.e.,

an exponential function of a fairly large number� in the weak
pinning limit, the two methods can be considered to give
qualitatively the same result.

Let us now consider the transition from strong to weak
pinning for a relatively soft three-dimensional solid coated
with a relatively hard film, sliding over a rigid substrate. The
three-dimensional solid will be assumed to have elastic con-
stants that are sufficiently small so that if the solid were
placed directly in contact with the substrate �i.e., there was
no coating�, the film would be in the strong pinning limit. Let
us now assume that the surface of the solid in contact with
the substrate is coated with a film of thickness Lf and Lamé
coefficients Kf and Kf�, assumed to be larger than the corre-
sponding coefficients for the three-dimensional solid, K and
K�, in Eq. �A1�. Then, the expression for the energy in Eq.
�A1� gets replaced by

E = �
solid

d3r�K	
�,�


 �u�

�x�
�2

+ K�
	
�

�u�

�x�
�2�

+ �
film

d3r�Kf	
�,�


 �u�

�x�
�2

+ Kf�
	
�

�u�

�x�
�2

− V„r + u�r�…	�z�� , �A4�

where, as in Eq, �A1�, � and � run over the components x, y,
and z , u��r� and V�r� denotes the substrate potential per unit
area. We look for an approximate solution of the form u�

=u��x /L ,y /L ,z /L�� in the film and u�=u��x /L ,y /L ,z /L��,
where u varies by an amount of the order of the range of a
potential well of the substrate potential when x and y vary
over a distance of L or z varies over a distance of order L� or
L�. We substitute these expressions in Eq. �A4�, and approxi-
mate the integral of the first two terms in the integrand of Eq.
�A4� over a single Larkin domain, by the product of the
average over a Larkin domain of first two terms in the inte-
grand of Eq. �A4� and the volume of a Larkin domain,
L2�L�−Lf�, and then multiply by the number of domains,
A /L2, where A is the area of the interface. Similarly, we
approximate the integral of the second two terms in the in-
tegrand over a single Larkin domain, by the product of the
average over a Larkin domain of first two terms in the inte-
grand of Eq. �A4� and the volume of a Larkin domain in the
film, which is given by L2Lf, and then multiply by the num-
ber of domains, A /L2, where A is the area of the interface. If
Lf is much larger than the width of a typical asperity, the
hard film coating can be treated as a three-dimensional solid
and, hence, using the arguments given in the last paragraph,
the coated surface considered to be in the weak pinning re-
gime for which the value of L which minimizes the energy
�i.e., the Larkin� length is equal to the width of an asperity
�i.e., the largest value that it can take�. When Lf is small
compared to the width of an asperity, we must treat the film
as a two-dimensional hard solid attached to a three-
dimensional soft solid and, hence, minimize the expression
for E in Eq. �A4�. When E is minimized with respect to L�
and L�, we find that L� �meaning that the distortions do not
vary as we move across the thickness of the film� is infinite
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and L�= �
1� /
1�1/2L, where 
1 and 
1� are given by


1 = K 	
�=x,y


 �u��

�x��
�2

− K�
 	
�=x,y

�u��

�x��
�2

,


1� = �K + K��
 �u��

�z�
�2

.

Substituting these results in Eq. �A4�, and minimizing with
respect to L, we obtain

L =
A

V0 − B
Lf , �A5�

where

A = 2�Kf 	
�=x,y,z

	
�=x,y


 �u��

�x��
�2

+ Kf�
 	
�=x,y

�u��

�x��
�2�

− 2�K 	
�=x,y,z

	
�=x,y


 �u��

�x��
�2

+ K�
 	
�=x,y

�u��

�x��
�2� ,

�A6�

and

B = �
1�/
1�1/2K 	
�=x,y,z

� 	
�=x,y


 �u��

�x��
�2

+

1


1�

 �u��

�z�
�2� ,

�A7�

where u���x� ,y� ,z��=u��x /L ,y /L ,z /L�� and u��
=u��x /L ,y /L ,z /L��. The value of L given in Eq. �A5� mini-
mizes E if V0 is sufficiently large so that the denominator is
positive. For smaller values for which it becomes negative,
the value of L which minimizes E is L=�.

For the situation in which the film behaves like a two-
dimensional solid, the Larkin length is finite and given by
Eq. �A5�. The interaction with the substrate and, hence, the
force of friction is reduced by a factor Nc

−1/2, where Nc is the
number of atoms in contact with the substrate in one Larkin
domain, and Nc�cL2 /a2, where c is the fraction of surface
atoms which are in contact with the substrate. For a stiff film
for which the elastic energy per surface atom Kfa

3, where a
is the mean atomic spacing, is large compared to the inter-
action with the substrate V0a2 , Nc

−1/2�c−1/2�V0 /KfLf�. If the
soft solid is assumed to be in the strong pinning regime, V0 is
greater than Ka. If they are of comparable magnitude, our
expression for Nc

−1/2 reduces to c−1/2�K /Kf��a /Lf�, which can
lead to a reasonable reduction of the friction since the shear
modulus of diamond is about six times that of most other
materials.

APPENDIX B: MULTISTABILITY OF ASPERITIES

Since the occurrence of friction in the slow sliding speed
limit requires that there exist times of local rapid motion of
asperities, it was argued in Ref. �14� that each pair of asperi-
ties in contact must possess more than one equilibrium solu-
tion. As the surfaces slide relative to each other, each pair of
contacting asperities makes transitions from a higher energy

equilibrium configuration to a lower energy one, resulting in
the production of kinetic energy, which gets quickly dissi-
pated among the various excitations of the system �i.e., lat-
tice vibrations and electronic excitations�. This is argued to
be the source of energy dissipation due to kinetic friction in
the slow sliding speed limit. This mechanism has tradition-
ally been known as the Tomlinson model �16�. It as also
argued in Ref. �14� that the existence of multistability is a
requirement for the existence of static friction as well. The
argument is basically as follows: Consider a single asperity
contact in two dimensions. Reference �18� shows that there
will be multistability in two dimensions as long as the as-
perities are anisotropic. Let V�r+s� represent the interface
potential of interaction between two asperities in contact,
where r represents the displacement of the tip of the asperity
with respect to the bulk solid to which it is attached, as a
result of a shear distortion of the asperity, and s is the posi-
tion of the base of the asperity on the bulk solid. Then the
energy of the asperity under consideration can be written as

E = V�r + s� + �1/2�r · � · r , �B1�

where the second term is the elastic energy and � is the
elasticity tensor. The equilibrium configuration of the asper-
ity for a given value of s is found from

�E

�x
=

�V

�x
+ x̂ · � · r = 0, �B2a�

and

�E

�y
=

�V

�y
+ ŷ · � · r = 0, �B2b�

which is equivalent to

�V

�sx
+ x̂ · � · r = 0 �B3a�

and

�V

�sy
+ ŷ · � · r = 0. �B3b�

The force exerted by the bulk solid �i.e., the force of friction�
is given by

Fx = −
�V

�sx
�B4a�

and

Fy = −
�V

�sy
. �B4b�

Let us now slide the surface by an amount s0 in an arbitrary
direction, which we will take to be along the x axis. This is
accounted for by adding s0 to sx in Eq. �B1�. Let us consider
an asperity which is monostable. Taking the total derivative
of E with respect to s0, we obtain

dE

ds0
=

�V

�sx

 �x

�sx
− 1� +

�V

�sy

�y

�sx
+

�r

sx
· � · r . �B5�

From Eq. �B3�, we find that
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Fx = −
�V

�sx
= −

dE

ds0
. �B6�

If there is a uniform distribution of asperities centered at
locations denoted by the variable s, we find that the average
contribution to the force of static friction due to an asperity is
given by

Fx� = �−2�
−�/2

+�/2

dsx dsy�−
dE

ds
� = −

�E��/2� − E��/2��
�

,

�B7�

where � is the length of the solid. Thus in the large � limit
there is no static friction, but for a finite length interface, as
at the region of contact of two asperities, there is a net force
of friction proportional to the length of the region of contact,
as has been assumed in Sec. III. This argument will not work
for multistable asperities because if any of the asperities are
multistable, E cannot be an exact differential because it has

multiple branches. As a consequence, the value of E for a
given configuration of the asperities is a function of how that
configuration was established �i.e., we must specify which
branch of its potential energy versus s curve each asperity is
on�. Clearly, if there were a net force in the x direction, as
there is likely to be if the asperities are multistable, the inte-
gral in Eq. �B7� would be proportional to �2. While this
argument for the smallness of static friction in the absence of
multistability is only strictly correct for a perfectly uniform
distribution of asperities over the interface, the zero velocity
limit of the kinetic friction can certainly be shown to be
small in the absence of multistability for all asperity distri-
butions �19�.

Thus, we conclude that the contribution to the static fric-
tion from each asperity of nth order can only be proportional
to the number of n−1 order asperities on its surface if those
asperities are multistable. If this is not the case, the contri-
bution to the static friction will be only proportional the
square root of the number of n−1 order asperities in contact
with the substrate.
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